In 1994, Z. Li, F. Hall and C. Eschenbach extended the concept of the index of convergence from nonnegative matrices to powerful sign pattern matrices. Recently, Jiayu Shao and Lihua You studied the bases of non-powerful irreducible sign pattern matrices. In this paper, the local bases, which are generalizations of the base, of primitive non-powerful signed digraphs are introduced, and sharp bounds for local bases of primitive non-powerful signed digraphs are obtained. Furthermore, extremal digraphs are described.
Introduction and notations
The sign of a real number a, denoted by sgn(a), is defined to be 1, −1 or 0, according to a > 0, a < 0 or a = 0. An n × n sign pattern matrix A = (a i j ) has a i j ∈ {1, −1, 0}. The sign pattern of a real matrix A, denoted by sgn(A), is the (0, 1, −1)-matrix obtained from A by replacing each entry by its sign. For a square sign pattern matrix A, notice that in the computations of (the signs of) the entries of the power A k , the ambiguous sign may arise when −1 is added to 1. So in [4] , the authors introduced a new symbol " " to denote the ambiguous sign. In [4] , the set Γ = {0, 1, −1, } is defined as the generalized sign set and the computations involving are defined as follows: (−1) + 1 = 1 + (−1) = ; a + = + a = for all a ∈ Γ ; 0 · = · 0 = 0; b · = · b = for all b ∈ Γ \ 0. An n × n generalized sign pattern matrix A = (a i j ) has a i j ∈ {1, −1, 0, }. In this paper, we assume that all the matrix operations are operations of the matrices over the set Γ (generalized sign pattern matrices).
The graph-theoretical methods are often useful in the study of the powers of matrices, so we now introduce some graph-theoretical concepts.
A signed digraph S is a digraph where each arc of S is assigned a sign 1 or −1. A walk W in a signed digraph is a sequence of arcs e 1 , e 2 , . . . , e k such that the terminal vertex of e i is the same as the initial vertex of e i+1 for i = 1, . . . , k − 1. The number k is called the length of the walk W , denoted by l(W ). The sign of the walk W (in a signed digraph), denoted by sgn(W ), is defined to be k i=1 sgn(e i ). Two walks W 1 and W 2 in a signed digraph are called a pair of SSS D walks, if they have the same initial vertex, same terminal vertex and same length, but they have different signs.
Let A = (a i j ) be a sign pattern matrix of order n. The associated digraph D(A) of A (possibly with loops) is defined to be the digraph with vertex set V = {1, 2, . . . , n} and arc set E = {(i, j)|a i j = 0}. The associated signed digraph S(A) of A is obtained from D(A) by assigning the sign of a i j to each arc (i, j) in D(A). Clearly, we have:
where W k (i, j) denotes the set of walks of length k from i to j in S(A). Definition 1.1. A square generalized sign pattern matrix A is called powerful if each power of A contains no entry.
It is easy to see that a sign pattern matrix A is powerful if and only if the associated signed digraph S(A) contains no pairs of SSS D walks. Definition 1.2. Let A be a generalized sign pattern matrix of order n and A, A 2 , A 3 , · · · be the sequence of powers of A. Suppose A l is the first power that is repeated in the sequence. Namely, suppose l is the least positive integer such that there is a positive integer p such that
Then l is called the generalized base (or simply base) of A, and is denoted by l(A).
For convenience, we will also define the corresponding concepts for signed digraphs. Let S be a signed digraph of order n. Then there is a sign pattern matrix A of order n such that S(A) = S; this A is called the adjacency sign pattern matrix of S, and is denoted by A(S) (or simply A). We say that S is powerful if A is powerful. Then S is powerful iff S contains no pairs of SSS D walks. Also the base l(S) of S is defined to be that of A, namely l(S) = l(A).
A nonnegative square matrix A is primitive if some power A k > 0. The least such k is called the primitive exponent (or simply exponent) of A, denoted by exp(A). For a generalized sign pattern matrix A, we use |A| to denote the (0,1)-matrix obtained from A by replacing each nonzero entry by 1. For convenience, a square generalized sign pattern matrix A is called primitive if |A| is primitive, and in this case we define exp(A) = exp(|A|).
A digraph D is called a primitive digraph, if there is a positive integer k such that for all vertices x and y (not necessarily distinct) in D, there exists a walk of length k from x to y. The least such k is called the primitive exponent (or simply exponent) of D, denoted by exp(D).
Let V (D) = {1, 2, . . . , n}. exp D (i, j) := the smallest integer p such that there is a walk of length t from i to j for each integer
is the smallest integer p such that there is a walk of length p (and thus of every length larger than p) from i to each vertex j of D. It follows that
The vertices of D can be ordered so that exp
For a signed digraph S, where V (S) = {1, 2, . . . , n}, with D as its underlying digraph, we say S is primitive if D is primitive, and in this case we define exp(S) = exp(D), exp S (i, j) = exp D (i, j), and exp
It is well known that a sign pattern A is primitive if and only if D(A) is primitive, and in this case we have exp(A) = exp(D) (see [2] ).
Proposition 1.1 ([8])
. Let S be a primitive non-powerful signed digraph. Then we have:
(1) There is an integer k such that there exists a pair of SSS D walks of length k from each vertex x to each vertex y in S.
(2) If there exists a pair of SSS D walks of length k from each vertex x to each vertex y, then there also exists a pair of SSS D walks of length k + 1 from each vertex u to each vertex v in S.
(3) The minimal such k (as in (1)) is just l(S), the base of S.
In the following, we introduce some new parameters related to primitive non-powerful signed digraphs. Let S be a primitive non-powerful signed digraph of order n. We permit loops but no multiple arcs. Let u, v ∈ V (S). The base from u to v, denoted by l S (u, v), is defined to be the smallest integer l such that there is a pair of SSS D walks of length t from u to v for each integer t ≥ l. The base at a vertex u ∈ V (S), denoted by l S (u), is defined to be the smallest integer l such that there is a pair of SSS D walks of length t from u to each vertex v ∈ V (S) for each integer t ≥ l. It is easy to see that l S (u, v) and l S (u) are well defined, and that
Let A be the adjacency sign pattern matrix of S. For convenience, let V (S) = {1, 2, · · · , n}. Then the vertices can be ordered so that l S (1) ≤ l S (2) ≤ · · · ≤ l S (n). We call l S (k) the kth local base of S. Thus l(S) = l S (n) and it is easy to see that l S (k) is the smallest integer l such that the first k rows of A l consist of all 's.
We denote l(n, k) = max{l S (k) : S is a primitive non-powerful signed digraph of order n}, k = 1, 2, . . . , n. In [8] , a sharp bound on l(n, n) is obtained, and the extremal signed digraphs are given. In this paper, for 1 ≤ k ≤ n − 1, l(n, k) is obtained, and the extremal signed digraphs are characterized.
Some preliminaries
In this section, we introduce some theorems and basic properties which we need to use in the presentations and proofs of our main results in Section 3.
Proposition 2.1 ([8])
. If S is a primitive non-powerful signed digraph, then S contains a pair of cycles C 1 and C 2 (say, with lengths p 1 and p 2 , respectively) satisfying one of the following two conditions:
(B1) p i is odd, p j is even and sgn(C j ) = −1 (where i, j = 1, 2 and i = j).
(B2) Both p 1 and p 2 are odd and sgn(C 1 ) = −sgn(C 2 ). For convenience, we call such a pair of cycles C 1 and C 2 satisfying (B 1 ) or (B 2 ) a distinguished cycle pair. It is easy to see that the (closed) walks W 1 = p 2 C 1 and W 2 = p 1 C 2 (with the same length p 1 p 2 ) have different signs:
In the remainder of this paper, let D 1 consist of an n-cycle (v n , v n−1 , . . . , v 2 , v 1 , v n ) and an additional arc
Lemma 2.1 ([8])
. Let S 1 be a primitive non-powerful signed digraph of order n with D 1 as its underlying digraph. Then we have:
Lemma 2.2 ([8])
. Let S 2 be a primitive non-powerful signed digraph of order n ≥ 3 with D 2 as its underlying digraph. Then we have:
(1) If the (only) two cycles of length n − 1 of S 2 have different signs, then 
Lemma 2.6. Let S be a primitive non-powerful signed digraph, and u ∈ V (S). If there is a pair of SSS D walks with length r from vertex u to u, then we have:
Proof. By the definition of exp S (u), we know that there is a walk W from u to any given vertex v ∈ V (S) with any length l ≥ exp S (u). We use W 1 and W 2 to denote the SSS D walks with length r from vertex u to u. Thus W 1 + W and W 2 + W is a pair of SSS D walks of length l + r ≥ exp S (u) + r from u to vertex v ∈ V (S). By the definition of l S (u), this lemma is proved.
Lemma 2.7. Let S be a primitive non-powerful signed digraph of order n. Then
Proof. Without loss of generality, let V 1 = {1, 2, . . . , k − 1} ⊆ V (S) be such that vertex i has the ith local base, 1 ≤ i ≤ k − 1. Since S is strongly connected, there is a vertex x ∈ V \ V 1 and j ∈ V 1 such that (x, j) is an arc of S. It follows that l S (x) ≤ l S ( j) + 1 ≤ l S (k − 1) + 1 and the lemma holds.
Lemma 2.8 ([3,1])
. Let D be a primitive digraph on n vertices, and let s be the length of the shortest cycle of D. Then
For a digraph D, we use L(D) to denote the set of the lengths of all cycles.
Lemma 2.9 ([6]). Let D be a primitive digraph of order n
Now let {s 1 , s 2 , . . . , s λ } be a set of distinct positive integers. Then φ(s 1 , s 2 , . . . , s λ ) is defined to be the least integer m such that every integer k ≥ m can be expressed in the form k = 
It follows from the above definition that φ(s 1 , s 2 , . . . , s λ ) − 1 cannot be expressed in the form i=1 λa i s i , where a i (i = 1, 2, . . . , λ) are nonnegative integers (see [5] ).
Lemma 2.10 ([8])
. Let D be a primitive digraph of order n, L(D) = { p, q, n}, p < q < n. Then
Main results
In [8] , it was proved that l(S) ≤ 2n 2 − 3n + 2 for any primitive non-powerful signed digraph S of order n, and l(S) = 2n 2 − 3n + 2 if and only if the underlying digraph of S is isomorphic to D 1 . In this section, for 1 ≤ k ≤ n − 1, l(n, k) is determined and the extremal digraphs are described.
Theorem 3.1. Let S be a primitive non-powerful signed digraph of order n with D 1 as its underlying digraph. Then we have:
Proof. Since S is primitive non-powerful and S has only two cycles with lengths n and n − 1 respectively (we denote them by C n and C n−1 respectively), by Proposition 2.1, C n−1 and C n are a distinguished cycle pair and sgn(nC n−1 ) = −sgn((n − 1)C n ). Thus there is a pair of SSS D walks with length n(n − 1) from v i to v i for 1 ≤ i ≤ n − 1.
For
−3n+i +2+n(n−1) = 2n 2 −4n+i +2. By Lemma 2.1, l S (n) = l(S) = 2n 2 −3n+2, i.e. l S (v n ) = l(S) = 2n 2 − 3n + 2. For vertex v 1 , now we show that there is no pair of SSS D walks of length t = 2n 2 − 4n + 2 from vertex v 1 to v n . Let W 1 and W 2 be any two walks of length t from vertex v 1 to v n . Then each W i consists of several (n − 1)-cycles and n-cycles and the unique path from vertex v 1 to v n (of length 1). Thus there exist nonnegative integers a i , b i (i = 1, 2) such that
Then 2n 2 − 4n + 1 = a i n + b i (n − 1). Since neither n − 1 nor n is a factor of 2n 2
, contradicting the definition of φ(n − 1, n). A similar contradiction can be obtained if x ≤ −1. Thus we have x = 0. So a 1 = a 2 , b 1 = b 2 and thus sgn(W 1 ) = sgn(W 2 ). This shows that l S (v 1 ) ≥ 2n 2 − 4n + 3. Thus we have l S (v 1 ) = 2n 2 − 4n + 3. By Lemma 2.7 and the definition of l S (k),
Theorem 3.2. Let S be a primitive non-powerful signed digraph of order n ≥ 3 with D 2 as its underlying digraph. Then we have:
(1) If the (only) two cycles of length n − 1 of S have different signs, then
(2) If the (only) two cycles of length n − 1 of S have the same sign, then
Proof.
(1) If the (only) two cycles of length n − 1 of S have different signs, then there is a pair of SSS D walks with length n − 1 from vertex v i to v i for 2 ≤ i ≤ n − 1. By Lemmas 2.5 and 2.6, exp S (v i ) = n 2 − 3n + i + 1, and
If the (only) two cycles of length n − 1 of S have the same sign, then each cycle of length n − 1 and the n-cycle form a distinguished cycle pair, and sgn(nC n−1 ) = −sgn((n − 1)C n ) by Proposition 2.1. And because v i is not only in an (n − 1)-cycle but also in the n-cycle, there is a pair of SSS D walks with length n(n − 1) from
For vertex v 1 , now we show that there is no pair of SSS D walks of length t = 2n 2 − 4n + 1 from vertex v 1 to v 1 in S. Let W 1 and W 2 be any two walks of length t from vertex v 1 to v 1 . Then each W i consists of several (n − 1)-cycles and n-cycles. Thus there exist nonnegative integers a i , b i (i = 1, 2) such that
, contradicting the definition of φ(n − 1, n). A similar contradiction can be obtained if x ≤ −1. Thus we have x = 0. So a 1 = a 2 , b 1 = b 2 and thus sgn(W 1 ) = sgn(W 2 ) (because the two cycles of length n − 1 have the same sign). This shows that l S (v 1 ) ≥ 2n 2 − 4n + 2. Thus we have l S (v 1 ) = 2n 2 − 4n + 2. 
Proof. Since S is primitive non-powerful, there is a distinguished cycle pair C 1 and C 2 (with lengths, say, p 1 and p 2 respectively), where p 1 C 2 and p 2 C 1 have different signs by Proposition 2.1.
It is easy to see that p 1 + p 2 ≤ n. For convenience, let p 1 ≤ n 2 . Let Q 1 be a shortest path with length q 1 from C 1 to
, let Q 2 be a shortest path of length q 2 from v 2 to v 1 . Then q 1 ≤ n − p 1 − p 2 + 1 and q 2 ≤ n − 1. Now, p 2 C 1 + Q 1 + Q 2 and p 1 C 2 + Q 1 + Q 2 are a pair of SSS D walks of length p 1 p 2 + q 1 + q 2 from vertex v 1 to v 1 .
We claim that exp S (v 1 ) ≤ p 1 (n − 2) + 1. Let (v 1 , z) ∈ E(Q 1 ), (v 1 , w) ∈ E(C 1 ). Let A be the adjacency sign matrix of S. Then in S(A p 1 )(the generalized associated signed digraph of A p 1 ), there is a loop at w and w is directed to z. There is at most one vertex x such that w can not reach by a walk of length n − 2 in S(A p 1 ). It is easy to see that in S(A p 1 ) the walk of length n − 1 from w to x must pass z, and so there exists a walk of length n − 2 from z to x. Then in S there is a walk of length p 1 (n − 2) + 1 from v 1 to x. From the above discussions, there is a walk of length p 1 (n − 2) + 1 in S(A) from v 1 to each vertex, that is, exp S (v 1 ) ≤ p 1 (n − 2) + 1.
Since
+2n −1 = If u ∈ V (C n−1 ), then there is a pair of SSS D walks of length n(n − 1) from u to u. Then by Lemma 2.6 we have:
